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ABSTRACT
In the present work we have established an integration by parts formula of higher order Malliavin derivatives of
solutions to delay stochastic differential equations. In a squeal work we will use this integration by parts formula in
some applications concerning densities of distributions of solutions of delay (as well as ordinary) stochastic
differential equations with possibly discontinuous initial data. Also, this integration by parts formula can be used to
extended the formulas in the work by Bally and Talay to include delay as well as ordinary SDE’s.

KEYWORDS: Stochastic Differential Equations, Malliavin Calculus, Euler Scheme for delay SDE’s, Integration by
Parts, Densities of Distributions.

INTRODUCTION

In Chapter 1 of the Ph.D. thesis of Ahmed (15) we have proved the existence and uniqueness of a solution for
certain types of delay (functional) stochastic differential equations (delay SDE’s) with discontinuous initial data,see
also(1),(9) and the web cite www.sfde.math.siu.edu. See the delay SDE (1.1) in the present work. Here we establish
an integration by parts formula involving solutions to such type of delay (functional) SDE’s. The integration by
parts formula which we establish can be used to extend the formulas in (2) and(3) to include delay SDE’s as well as
ordinary SDE’s. In this work we also establish some other useful applications to delay SDE’s. Generally speaking
we can say that our work extends the first three chapters of the work by Notris to include delay SDE’s as well as
ordinary SDE’s; see Theorems 2.3, 3.1 and 3.2 in(10) . We will also show in a sequal paper to this work that the
distribution of the solution process has smooth density. Also we will establish an integration by parts formula
involving Malliavin derivatives of higher order.

NOTATIONS AND DEFINITIONS

The following notations and definitions will be used throughout this work: (12, F, ) is a probability space; T is a
positive real number; {F, } (g7 is an increasing family of sub-& algebras of F, each of which contains all null
subsets of £2; N is the set of natural numbers; W = (W?,..,W"):[0,T] X 2 = R is a r-dimensional
normalized Brownian motion. If X is a topological space, then B( X'} denotes its Borel field. The symbol 4 refers to

the Lebesgue measure on R, and | - | denotes the Euclidean norm on R%, d € N.
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Let (r be a Banach space and let =A be a sub-er algebra of JF containing all subsets of measure zero in F, then

L£L3(0,-A,B; G) denotes the space of all functions f: 22 — G which are <A4-B(G) measurable and are such that
JIFNIZ dP < oo,

The symbol L*(£2, <4, IP; G ) denotes the Banach space (with norm determined by ”f”iz = _rﬂ If (cw) IIE dP) of
all equivalence classes of functions f:12 — G which are «4-B(G) measurable and which are such that
fﬂ IIfIIE dP < o0, The symbol L{R™, R™) (s, n € M) denotes the space of all linear maps from B™ to ™.
The symbol ] refers to the interval [—1,07), and JH () or B(]) refers to the Borel field on /.

If X:[-1,T] X2 — R® is a process, then for each t € [0,T] and @ € 22 we define the map:
X0 = L2, RY) by X, (w)(s) = X(t + 5,) for all 5 € J and almost all c. For each 0 < t < T we
write I(X(£), X7 = IX (£)II* + IX,]I°. Let the function V' belong to £7(£2,F,, F; R¥), & belong to
L3 XNH()® FARQ F; RY), and for £=1,2, .., let f ,g‘? be functions from
[0,T] X 2 x RY X L3(J,RY) to R?. Then a process X: [—1,T] X 2 = K% is called a solution of the delay

SDE with integral form

X(6) = {L’ + f:f (w, X(w), X,)du +E§:1f;gf (u, X(u),X,)dwi(u), 0<t<T,
6(t), tej,

if

(i) X is B([0,T]) & F-B(R?) measurable;
(i) For each t € [0,T], the process X (£, ) is F.-B({R%) measurable, and for each t € ], the
process X(t,+) is Fy-B(HRe) measurable;

(i) X € LA([-1,T] x 11, H x F, A x P; R%),

(iv) X satisfies the delay SDE ([1.1.1]).

The following conditions are sufficient for the existence of a unique solution to (1.1)

(see [1] and [15]).

() V € L2(0, Fp, B; RE).

(i) @ € L2 X 0, H @ Fp A @ P, RY).

i) £, g%:[0,T] x 2 x BE x £L2(],R%) = B2 are such that
(@) f and g% are B([0,T]) ® F @ B(R) ® B(L2(J, R¥))-B(R) measurable.
(b) For each t € [0,T], the stochastic variables f(t,,~) and g% (£, are
F. ® B(RY) @ B(L£2(J, RY))-B(R?) measurable.
(c)There exists a constant K and a function { € £2(1,F,P; R%) such that
£t .5, D) + Eioyl g% (8 w,5, 1| = K(|s|+ IRl + (o)) (1.2) (12)

for almost all w and for all ¢ € [0,T]; s € R® and h belongs to £2(], R%).

(d) There exists a constant K such that, for almost all ¢,

1.2)
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If(t.w, s, hy) — F(t, ww hy)| + EE:JEF(L w,s,hy) — g° (t, w,u, hy)
< K'(|s —u| + llhy — )

forall t € [0,T]; for all 5, u € R4, and for all hy, h, € L2(], BE).

(1.3)

INTEGRATION BY PARTS FORMULA
In the beginning of this section we recall the following eight basic numbered equations and definitions, See(16)

and(17) . For (X(0),X,) = (x,&) € R? X L*(J,R%), let v = prx=t (t), be the Malliavin derivative of

the solution process X< (). We write D”X:":’: (9) = D*X** (t+ 9) (t € [0,T], 9 € J = [—1,0)) for its
time delay. In the following definition we give a precise definition of the Malliavin derivative of a real-valued

functional £ of Brownian motion.
I.Definition: Let F((W(s))geezr) be a functional of -dimensional Brownian motion, and let

1
vi(t)
v(t) = (v (), .., v"(£))* = i |beadeterministic vector-valued function in L*([0,T], "™ & R%),
v ()
Then D¥F((W(5)) gzs<r) is given by the limit:
DUF((W(5))ogset)

= 11?31(3? ([W[s:] + Ef:v (o) da)ﬂgsgs) - F((W[s]:]ﬁisir:]). @)

The mapping v — D*F((W(5))gz.er) is a linear map (functional) from the space L*([0,T],R” @ R)to

R. Here R™ @ R denotes the space of all 7 X d-matrices (r rows, d columns).

vi(t)

Notice that, for w(t) = (v!(t),..,v"(£))" = E be a deterministic matrix-valued function in
v (t)
L? [[IZI,T],]HE'.’" ® R?), ¥ (t) can be considered as a d X d-matrix where each entry is an E-valued adapted

stochastic process; U. can be considered as a d X d-matrix where each entry is an L* (], R)-valued adapted

stochastic process. If M = [m -k} is a real d X = matrix, then M™ = [’mk ) denotes
Ml ajad, 12kar J M 2ker, 12j2d

_____

its transposed: it is 7 X d matrix with entries mm,, ;.

The process D¥X :"’t () satisfies the following delay stochastic differential equation:

http: // www.ijesrt.com © International Journal of Engineering Sciences & Research Technology
[288]


http://www.ijesrt.com/

% THOMSON REUTERS

A : < IAATE
L ?| '=\\h 1)‘[!"‘

A ’ | B

[Ahmed*, 5(4): April, 2016] ISSN: 2277-9655
(I20R), Publication Impact Factor: 3.785
dD¥X, (7) =dD*X(t + 7)

= {"’_f(:: +0,X(t +3),X,45)D"X(t +0)

+ [ 3 (¢ 48, X(t +9), X,20) (9)D*Xo15(0) dop) dt
(2.2)
+E§=1—(t+ﬂ,X(t+13],Xr+§jD”X(r+ﬁ]dW'[t+ﬁj

+ 2= 1f (t+1‘3X(t+19] Xe45) (@)D" X, 15(0) de dw'* (t +7)
+ Emg (t+ 09, X(t +9), X0 v (£ +0,X(t + 9),X,.5)dt,
whered belongs to J. If t 4+ 17 belongs to [ we replace t 4+ 1 with 0 in(2.2) ([E: SDEDP]). If ¥ = 0 we obtain the
delay stochastic differential equation for the process D*X (t}:
dD ”X(t]
= (L x@®,x)0°x(8) + [ % [:: X(£),X,)(9)D*X,(8)dd) dt

+35- 1(5‘9 (t.X(0), X)D"X(8) + f,2% [:: X(£),X.)(9)D*X,(8)dd ) dw* () 3
+20. ¢ (t,X[t],Xr:]v (t,X(t), X,)dt

We also write Uff (t) = I:—IXJ"E(::], and (t] X"‘f[t] In addition, we write

(tj =— :‘E = 11: (the delay of U fi"r (t)), and U5, [t] xE = Ulf.i, the delay of the process

Ufg (t). The matrix Uff (£) can be identified with an operator from R? to itself, the matrix Uff (t) can be
considered as an linear mapping from L%(J, B%) to R®, the matrix U;f () as a mapping from R? to L*(J, R%),
and, finally, U;f (t) as a mapping from L*(J, R%) to itself. Notice that Uff () can be considered as d X d-

matrix where each entry is an R-valued adapted stochastic process; L. xf (t) can be considered as d X d-matrix

where each entry is an L* (], )-valued adapted stochastic process. To be precise, write the solution process as a d -
vector X% (1) = (Xf’g (t). ...,Xz’f (t) ) and consider the mapping (1 < j, k = d)
%—k — X;.’kfa_.-nu%’k-ﬂ_;é",‘{;é"k*ﬂ_.ﬂlu%’d} [:tj’ (24)

which is a mapping from L2(J, R) to IR, and where each variable & £ 7 K is a fixed function in L2 (J,R). The

derivative of the function in (2.4) can be considered as a continuous linear functional on L*(J, ). Therefore it can

xk
axX " E)
be represented as an inner-product with a function in L? (J, R), which is denoted by T.
14
Consequently, we write
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ax“'f s Fee s e e onta) X..[-s_ Se-afiefiretal
) =lim = :
h=0 (25)
ax“f
=n(e)—f— L (@)do, n€l2(R).

After giving a brief introduction to our work, we are now ready to continue the work that we have started in . (16)

Here, and in the sequel, we write f(t) and g*(t) instead of f(t, x*4 [tj,X:’gj and g* (t, x*& [t],X:’E)

respectively. For a concise formulation of the stochastic differential equation for the matrix-valued process
(U(t): t =) and its inverse we introduce the following stochastic differentials:

£
h()  =ZL@dt+ T, 2L (dwt();
£
he(t) = z—’;(tjdt + 2521% (£) dw(t) (2.6) (2.7) (2.8)
¢ £
he(t8) = z—*; (t,8)dt + 2521% (t,8)d WE(¢)

The following theorem is an extension of Theorem 2.3 (Integration by Parts Formula) of the work of Norris to
include delay as well as ordinary SDE’s.

2.Theorem:(Integration by Parts Formula) [T:1] Let W () be r-dimensional Brownian motion and let X'() be the

solution of

ax(8) = f(6X (), X)dt + ) g’ (£,X(6) X)AW* (2),

with (X(0),%,) = (x,&), where f, g%, g%..,g" are maps [0,T]x R% X L*(J,R*) = R and
J =[—1,0) and T is a positive real number. Let v*:[0,T] X R® X L2(J,R%) = RY, (£ = 1,2, ...,7) be
€™, with all derivatives of polynomial growth. Then the linear delay SDE
dD¥X(t) = —f(t X(t),X,)D" X(t] dt + _Ir f[t X(t), X )(D¥X (0) di dt
+ X5 13 gt (t. X (£), X, )D*X(t)dw* (¢)
+ X5 1f I (t, X(t), X, )(0)D*X, () dddw? ()
+ 30, g7 (6 X(8), X ) (8, X(£),X,)dt.

with(D*X(0),D*X,) =0 € {]R“ @R XL R ®@ ]Ri'.’"j) has a unique solution  with

(2.9)

sup..,|D*X(s)| € LP (12, F,, P), and with sup,_.|D*X | ELF (R X ], F, @ B,P X A) forall t = 0
and for all p << oo. for all £t =0 and for all p << oo. We also write D¥X, for the delay process

# = DYX(t + 7). Furthermore, for any function ¢:U,; —+ R, where U, is an open subset of
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[0,T] x R® x L*(J,R*) with (¢, X(t),X,) € U, as. such that  is differentiable, and D®(t, X(t),X,)

| lr‘.. -

and @ (t,X(t),X,) belong to L*( 2, F,, F¥),
a

E [;—xc#ﬁ(t,X[t],Xr]D”X(f] + f; 2z

#(t, X (1), X.) (9) DX, (9) dﬁ]

(2.10)
=27, E [qb(t,X(t],Xt]f;v’?(t,X(t],Xt] dwf(rj],
where a choice for v¢ could be
v (5,X(s), %) = (V(s)g’ (s.X(5). X.))". (2.11)
Specializing ([E: int.formula]) to the partial derivatives %kand %, 1= k < d, weobtain
E [, 2 (6. X(8), X)DX(2) + [, 32 (X (), X.) (8)D* X, (8) d | -

=37, E [t}“*(t,X[t],thf;vﬁ(t,X(t],Xt]dW‘F[t]],

Proof. Suppose f, g, g% ..., g% are maps from [0,T] X R? X L*(J,R%) to R? satisfying the following

Lipschitz and Linear growth conditions
|f(t;}’:;??:] _f[tr}rlxnl:]l +EE:1|EF(L}EJHEJ _E-F[:t.r}rj_rnl:”
< K(ly, — vyl + llny —m4 D)

forall (v,,m,) € R® X L*(J,R%),i =1,2
F(t.y.ml+Z=a]g’ (B y.m| = Kyl +1nll + 1) (214)
for all (v, 1) € R? X L*(J, ]R?). Then by the existence theorem in the delay SDE

(2.13)

axX() = F(6X (D, X)dt + ) g (&, X(2),X)aw’(2),

with (X(0),X,) = (&) has a unique solution with sup__, | X (s)| and sup__|X_| € L¥ (12, F,, P) for all
t = 0 and p < co. We obtain in this section an integration by parts formula involving X (¢t} and X, under

conditions sufficiently general. This formula is an extension of the formula which appears in Norris (10) as Theorem
2.3 without the delay variable X,. This generality is needed for the iterations of the integration by parts formula

involved in proving the smooth density result.

The integration by parts formula is obtained by viewing a perturbed solution of (2.9) in two ways. Observe that the
map v: [0,T] X R? X L*(J,R?) = R" X R™ is C™ and bounded, with all its derivatives of polynomial
growth. For k € R™ and £ = 1,2, ..., let W™ (£) = w(t) + f; v¥ (5,X(5), X, h ds The perturbed

process X () is defined by

dX"(t) = f(t, X™(£), XF)dt + X5-, g° (£, X" (), XF)dW™ (1), (2.15)
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£
with (X% (0),X%) = (x, &), or equivalently (writing (v(s, X(s).X.)h) for the £ component)

| lr‘.. -

dx*() = [f(ex"®).x7) + T o* (6 X" (0.5 (v (6. X (). X)R)’ |

£=1

+25-1 87 (6, X7(0), X)) dw’ (1)

(2.16)

Using Girsanov Theorem a new probability measure P" may be found to make Wk (t)an®R" Brownian motion.

Since X (t) is a measurable function of the path (W(s))..,, formula (2.15) implies that the law of X"(t) and

I

X[ under P™ is independent of &; in other words
= [, (&, X"(8), XF) dP" = 0 for all @ € C,([0,T] X R X L2(J, R?) ). Assume now v and all its

derivatives are bounded. Let X™ (t) be the solution of (2.15)(216). Next, if we denote by E" the expectation with

respect to the measure ]Ph, then, for all bounded JF-measurable random variables Yh, we have
E*"[Y"] = E[Z2"(t)Y"] (2.17)

whereZ ™ () is given by

zR(@) =exp|— 3 [, (w(s X(s).X,) - b)Y aw?(s) — > [ lv(s, X(5).X.) - hl* ds (2.18)
F=1
h __ 77h I
and Pt = Z"(t)P on ‘T’. Its derivative with respect A is given by :
2 Zh(t) = —Z"(6) ([ Tp=y v (5, X(5),X,)dW (5).
+ 3 [ < vi(s X(s), X),hE > v¥(5,X(s), X,)ds). (2.19)
£=1

Following the steps similar to those in (10) we make the following observations:
If ¥™ is a function of (t, X™(t),X™), then by using equation (2.17) and the fact that the law of X™(t) and X[

under P" is independent of f; we have
B phrphy = & R RT —
P E*[Y"] o E[Z*(t)Y"] =0, (2.20)
which, after applying Leibnitz rule, implies

é é
E[-Z"(2)- V"] + E[2" () = V"] = 0. (2.21)
From (2.20) and(2.21) it follows that the expression E[Z h (t) Yh] does not depend on h and hence we have
E[Z*()Y"] = E[z°()Y"] (2.22)

Then by using equation (2.21)with ¥ = (£, X™ (), X% ) we find that
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—E[5- Z"(£) - ¥*]|u=o Right side of equation (2.10)

And
E[Z"(t) ;—h ¥ "]|,.=q Left side of equation (2.10)

Thus we find that equation (2.10) holds.
Note that the process ¥ (t) (which appears in the formula for a possible choice of the function v¥)isa2d x 2d

i1() Via(2)
V21 (1) Var (1)
Uy () Upa(2)
Uy () Usa(2)

matrix V(&) = ( )which solves the delay SDE ([E: V 3]). Similarly the process U{t) is a given

2d X 2d matrix U(t) = ( ) which solves the delay SDE

J (Un(f] Uu(‘-‘]) _ (hx(t:]ull[t] hx[t]Uu[f])
U (t) Usp(t) h (B)Uz () R (D)Usp (1)
Jihe (6,0)Uyy (8)d0 [ g (8,0) Uy, (9) dF (2.25)
Sy he (8,0) Uz (8) dB [ g (8,0)Upy o (9) dF
We can also split (2.25) into the following four delay SDE’s
AUy, (t) = hy (U4 (£) + [ by (£, 8)Uyy o (8) d; (2.26)
AU, (t) = h (U (1) + [ by (£, 0) Uy (0) d; (2.27)
AUy, (£) = hy () Uz (8) + [ by (£,8) Uz o (8) d; (2.28)
AU, (£) = hy (U2 (8) + [ e (£,8)Us; . (8) dF. (2.29)

Here U,;(t)and U;; ., i, j = 1,2 are the maps defined (with the same notations) as in the beginning of this

chapter. For further applications or iterations of the Integration by Parts Formula, without loss of generality, we shall
continue  to use X(t) and P  instead of X"(t) and P" respectively.

Suppose that U(t)V(t) =1I. Next we apply It6 formula (using the delay SDE for U{t) and putting
(t)=—d < U(-),V(-) = (t)) as follows

0 =dU(e)V(t) +U(t)dV(t) +d <ULV () = (t)

= ho(8) + [, he (£, 9)U,(9)dOV (£) + U(£)dV(£) — A(2) dt (230)
Next we multiply equation (2.30)by V' (t) and use that V' {£)U{¢) = I to get
V(t)h,(t) + V(1) _I:r hy (£, ) U (9)dOV(t) + dV(t) —V(£)A(t) dt = 0 (2.31)
or, equivalently,
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dV(t) =V(t)A(t)dt —V(t)h (t) — V(L) fj hg (t, YU, (0)ddV (t) (2.32)

Then

by looking at the martingale parts of the SDE for IJ(t) namely

du(t) = h (U(L) + [, he (£, )U(9) dO (2.33)

and the delay SDE in SDE (2.32) we can compute the covariance process in (2.30) and get

= —EE=1Z—f(t]U(0V{f)E(f]dt—EE 1 (fJU(f)V(f) .I} (5,9)U,(8) dov()d ¢

d =< U(), If’(] = (t)

(2.34)
-T2 (r U, (ﬂj dov (£) 2L 24’ ~ (t)dt
~ T [ (t U, (9) dﬂv(tjf (t DU () dV(£)d = —A(L),
or, equivalently,
A(t) =z;=1 (%[t])zdt—kzg @ _rJ e ﬂjﬂ (8) doV (£)d t
(2.35)

+ X5 ), (r 9)U,(9) dov(e) L (tjdr+2;_ (f,% = ’ (£,8)U,(6) dﬂv[tj)

=3 1[59' ©+/,5% ' (2, 5)U,(5) dﬂV(r])

REMARKS

1.

All the results which we have established in this work can be extended by replacing the Brownian motion 1
by another processZ: [0, a] x 2 = R", (€ & N) which is a continuous martingale adapted to {:Fr}rE[D,rz] and
has independent increments and satisfies with some constant K the inequalities |Z(t) —Z(s) T
= K(t—s) and
E(|Z(t)— Z(s)|* F. =K(t—s5) for 0 =5 =1 < a. Observe that the above properties of Z which we

have just mentioned are the only properties of W which we have used (in case of Brownian motion) to prove
the results which we have obtained in this work. See ,, and .

2. All the lemmas and theorems in this work hold for any delay interval J' = [—r,0) (r = @) inplace of
J =[-1,0). See,, and.
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